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RELAXATION METHOD OF IMPULSE DECONVOLUTION 
I N  AN OPTICAL CORRELATOR 

Richard  D. Juday 

ABSTRACT 

A method i s  p r o p o s e d  t h a t  is i n t e n d e d  t o  c o m p e n s a t e  s i m u l -  

t a n e o u s l y  f o r  poorly-known d i f f r a c t i o n  p a t t e r n s  a n d  imperfec t  

e l e m e n t s  i n  a n  o p t i c a l  c o r r e l a t o r  system t h a t  uses a programmable 

f i l t e r .  One seeks a s t a t i c  (o r  o t h e r w i s e  e a s i l y  c a l c u l a t e d )  

c o r r e c t i o n  f o r  d i s tu rbances  t h a t  a r e  p e c u l i a r  t o  a g iven  o p t i c a l  

c o r r e l a t o r  and are, hence, n o t  modelable g p r i o r i .  The t e c h n i q u e  

r e l a x e s  a n  i n i t i a l  g u e s s  a t  a m a t c h i n g  f i l t e r  f o r  a n  i m p u l s e  i n  

t h e  i n p u t  p lane ,  i n  o rde r  t o  f i n d  f i l t e r s  t h a t  y i e l d  p rogres s ive -  

l y  more  l o c a l i z e d  p a t t e r n s  in t h e  c o r r e l a t i o n  p l a n e .  L i n e a r i t y  

and s h i f t  i n v a r i a n c e  of t h e  system (or d i scove red  d e p a r t u r e s  from 

them) t h e n  allow c o n s t r u c t i o n  of the matched f i l t e r  f o r  an a r b i -  

t r a r y  re ference  p a t t e r n .  The t e c h n i q u e  i s  e x p e c t e d  t o  be r o b u s t  

i n  t h e  s e n s e  of h a v i n g  a v e r y  l a r g e  c a p t u r e  r a d i u s  and  b e i n g  

i n s e n s i t i v e  t o  t h e  form of a n  i n i t i a l  approximat ion  t o  t h e  o p t i -  

mal f i l t e r .  The method a p p l i e s  t o  b o t h  c o n t i n u o u s  a n d  d i sc re t e ,  

and  a l s o  t o  both r e a l  and  complex, f i l t e r s .  
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I . INTRODUCTION 

I n  cohe ren t  o p t i c a l  c o r r e l a t o r s  u s i n g  s p a t i a l  l i g h t  modula-  

t o r s ,  t h e  i n p u t  image causes  a modulation of t h e  cohe ren t  reading  

w a v e f r o n t  (see F i g u r e  1). The d i f f r a c t i o n  d i s t u r b a n c e  t o  t h e  

r ead ing  wavefront  depends l o c a l l y  on t h e  p h y s i c s  and  t h e  s p a t i a l  

c o n f i g u r a t i o n  of t h e  device ,  a s  well a s  depending g l o b a l l y  on t h e  

p a t t e r n  w r i t t e n  o n t o  t h e  device.  A f i l t e r  is p laced  a t  t h e  focal 

p l ane  of t h e  o p t i c a l  Four i e r  t ransform l e n s .  I n  c l a s s i c a l  matched 

f i l t e r i n g ,  t h e  f i l t e r  h a s  a n  e f f e c t  e q u a l  t o  t h e  complex  c o n j u -  

g a t e  of t h e  Four i e r  t r a n s f o r m  of  a r e f e r e n c e  o b j e c t  whose c o r -  

r e l a t i o n  w i t h  t h e  i n p u t  scene a d d r e s s i n g  t h e  m o d u l a t o r  i s  

d e s i r e d .  The complex  c o n j u g a t e  c o m p r i s e s  two p a r a m e t e r s ,  phase 

and  amplitude. However, a one-parameter combina t ion  of phase and 

ampl i tude  i s  a l l  t h a t  can be in t roduced  w i t h  such  d e v i c e s  a s  t h e  

L i t t o n  magneto-opt ic  dev ice  (MOD),  Hughes' l i q u i d  c r y s t a l  l i g h t  

v a l v e  (LCLV) ,  t h e  T e x a s  I n s t r u m e n t s  d e f o r m a b l e  m i r r o r  d e v i c e  

(DMD),  etc. The MOD and  t h e  LCLV p r i n c i p a l l y  modulate  ampl i tude ;  

t h e  DMD, p r i n c i p a l l y  phase. The c h a l l e n g e  i s  t o  o p t i m i z e  a f i l t e r  

w i t h i n  t h e  c o n s t r a i n t  of c o n t r o l l i n g  only  t h e  one-parameter com- 

b i n a t i o n  of phase and  ampli tude.  

Modeling of phase-only f i l t e r s  (POF) h a s  n o t  y e t  addres sed  t h e  

d i f f r a c t i o n  pa t t e rn  of t h e  reading-plane p ixe l ,  nor t h e  phys i ca l -  

l y  l i m i t e d  means of producing a des i red  phase modula t ion  a t  t h e  

f i l t e r  p l a n e ,  n o r  t h e  e x p e c t e d  h i g h  s e n s i t i v i t y  of t h e  POF cor- 

r e l a t o r  t o  p h a s e  d e v i a t i o n s  o f  t h e  o r d e r  i n t r o d u c e d  by r e a l  

o p t i c s .  Horne r  a n d  G i a n i n o  [I' i n d i c a t e  a scheme w h i c h  w i l l  u s e  

an  i t e r a t i v e  technique  t o  op t imize  a POF d e r i v e d  from a c l a s s i c a l  

2 . ..L 
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matched f i l t e r ,  b u t  t h e  d e t a i l s  have no t  been publ ished.  I n  t h i s  

paper t h e r e  is p resen ted  a n  i t e r a t i v e ,  a d a p t i v e  f i l t e r - o p t i m i z i n g  

method t h a t  is independent  of t h e  s t a r t i n g  f i l t e r  and conforms t o  

t h e  c o n t r o l  c o n s t r a i n t s .  

3 
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11. SOME PRACTICAL DIFFICULTIES I N  OPTICAL CORRELATORS 

The p a t t e r n  b r o u g h t  t o  t h e  f i l t e r  p l a n e  of even  a l i n e a r  

s p a c e - i n v a r i a n t  o p t i c a l  co r  r e l a t o r  s y s t e m  i s  n o t  e x a c t l y  t h e  

Four ie r  t ransform of t h e  o r i g i n a l  i n p u t  image, b u t  i n s t e a d  is t h e  

image's convolu t ion  w i t h  t h e  s y s t e m ' s  t r ans fo rm of t h e  d i f f r a c -  

t i o n  p a t t e r n  of a s i n g l e  p i x e l  i n  t h e  r e a d i n g  p l a n e .  I m p e r f e c -  

t i o n s  e x i s t i n g  i n  any phys ica l  o p t i c a l  system i n t e r f e r e  w i t h  t h e  

p u r i t y  of t h e  o p t i c a l  F o u r i e r  t r a n s f o r m .  T h e s e  i n c l u d e  non- 

p l a n a r i t y  of s u r f a c e s ,  s c a t t e r i n g  c e n t e r s  such  a s  d u s t  or  i n c l u -  

s ions ,  and imper fec t  o p t i c a l  a l ignment .  I t  t a k e s  l i t t l e  imperfec-  

t i o n  i n  a h i g h - i n d e x  t r a n s m i t t i n g  e l e m e n t  t o  c a u s e  a p p r e c i a b l e  

d e p a r t u r e  i n  p h a s e  f r o m  w h a t  p e r f e c t  o p t i c s  would have  g iven .  

A l t o g e t h e r ,  t h e  f i l t e r  p l a n e  may be p r e s e n t e d  w i t h  a complex  

wavefront  d i f f e r i n g  s i g n i f i c a n t l y  from t h e  Four ie r  t ransform of 

t h e  o r i g i n a l  i n p u t  image. I f  t h e  i n p u t  image i s  t h e  d e s i r e d  

r e f e r e n c e  o b j e c t ,  t h e  one-parameter s p a t i a l  l i g h t  modulator  (SLM) 

i s  asked  t o  match both phase and ampl i tude  of t h e  a r r i v i n g  wave- 

f r o n t ,  s o  a s  t o  p roduce  a b r i g h t  s p o t  i n  t h e  c o r r e l a t i o n  p l a n e  

( a f t e r  p a s s a g e  t h r o u g h  s u b s e q u e n t  i m p e r f e c t  o p t i c s ) .  T h i s  w i l l  

l i k e l y  be d i f f i c u l t ,  p a r t i c u l a r l y  f o r  p h a s e - o n l y  f i l t e r i n g ,  

s i n c e  t h e  d i f f e r e n c e  f rom p e r f e c t  F o u r i e r  t r a n s f o r m  b e h a v i o r  

induced by, f o r  example, a two-wave-flat b e a m s p l i t t i n g  cube w i l l  

be f a r  more s i g n i f i c a n t  i n  phase than  i n  ampli tude.  Furthermore,  

t h e  p h y s i c a l  c o n f i g u r a t i o n  of t h e  f i l t e r  may n o t  f i t  t h e  s h a p e  of 

t h e  t ransformed inpu t  ( p a r t i c u l a r l y  under t h e  c o n s t r a i n t s  of one- 

parameter  c o n t r o l )  even i f  t h a t  were known exac t ly .  Modeling of 

p h a s e - o n l y  ma tched  f i l t e r i n g  r 2 r 3 1  shows  t h a t  t h e  POF h a s  t h e  

4 
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p o s s i b i l i t y  of producing v e r y  sha rp  c o r r e l a t i o n  peaks: concomi- 

t a n t l y  one e x p e c t s  t h a t  t h e  POF w i l l  be v e r y  s e n s i t i v e  t o  p h a s e  

e r r o r s  i n  t h e  f i l t e r  ( w h i c h  would a r i s e  a s  u n c e r t a i n t y  i n  t h e  

d i f f r a c t i o n  p a t t e r n  of a n  i n d i v i d u a l  r e a d i n g - p l a n e  p i x e l  o r  a s  

non-uniformity of phase propagat ion by t h e  p h y s i c a l  o p t i c a l  sys- 

tem) . 
An ampl i tude-only  f i l t e r  (AOF) p roduces  broader  c o r r e l a t i o n s  

t h a n  t h e  POF 13 '  ; t h e  h y p o t h e t i c a l  t y o - w a v e - f l a t  b e a m s p l i t t e r  

a f f e c t s  t h e  t ransformed wavef ront ' s  ampl i tude  less s t r o n g l y  t h a n  

i t s  phase :  a n d  measurements of a m p l i t u d e  ( i n t e n s i t y )  a t  t h e  

f i l t r a t i o n  p l a n e  a r e  ea s i e r  t h a n  measurements of phase .  Con- 

sequen t ly ,  producing a n  opt imized  f i l t e r  is expected t o  be more 

d i f f i c u l t  f o r  t h e  POF t h a n  f o r  t h e  AOF. However, t h e  p r o m i s e  of 

t h e  POF's  s t r o n g  s i g n a l - t o - n o i s e  r a t i o  j u s t i f i e s  a n  a t t e m p t  t o  

r e a l i z e  i t s  p o t e n t i a l ,  and  t h e  e a s i e r  AOF c a n  a l s o  b e n e f i t  f rom 

t h e  method. 

5 
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111. THE METHOD OF RELAXATION BY GRADIENT SEARCH 

A method of f i n d i n g  t h e  o p t i m a l  f i l t e r  i n  a p h y s i c a l  s y s t e m  

h a s  been devised. I t  w i l l  al low i n v e s t i g a t i n g  t h e  d e p a r t u r e s  of 

t h e  c o r r e l a t o r  sys tem from t h e  desirable  q u a l i t i e s  of l i n e a r i t y  

( s u p e r p o s i t i o n )  a n d  s h i f t  i n v a r i a n c e .  The method i s  s i m i l a r  t o  

a d a p t i v e  t e l e s c o p e  o p t i c s  i n  performing a d j u s t m e n t s  on t h e  f i l t e r  

t o  p r o d u c e  t h e  s h a r p e s t  s p o t  i n  t h e  c o r r e l a t i o n  p l a n e ,  e v e n  a s  

a d a p t i v e  t e l e s c o p e  o p t i c s  sharpens a s ta r ' s  image. Adaptive tele- 

scope optics a d j u s t s  compara t ive ly  few parameters a t  a h igh  rate, 

t o  accommodate tempora l  i n s t a b i l i t i e s ;  t h e  a d a p t i v e  r e l a x e d  f il- 

t e r  a d j u s t s  many pa rame te r s  once and assumes tempora l  s t a b i l i t y .  

The t echn ique  i s  a g r a d i e n t  s e a r c h  among a l l  p o s s i b l e  va r i a -  

t i o n s  f r o m  t h e  i n i t i a l  g u e s s  a t  a p r o p e r  f i l t e r .  We need  two 

t o o l s :  t h e  sca la r  whose v a l u e  i s  t o  be maximized, and a complete  

a n d  a p p r o p r i a t e  space i n  which t o  t ake  t h e  g r a d i e n t  of t h e  

scalar. The more accurate t h e  s t a r t i n g  f i l t e r ,  t h e  more rapid is 

convergence t o  t h e  op t ima l  f i l t e r ,  though t h e  method is designed 

t o  h a v e  a f i n a l  r e s u l t  t h a t  i s  i n d e p e n d e n t  of t h e  e x a c t  f o r m  of 

t h e  s t a r t i n g  f i l t e r .  

For a n  e x h a u s t i v e  s e a r c h  i n  a space of h i g h  d i m e n s i o n ,  one  

requires a r a p i d l y  calculable  m e t r i c  f o r  t h e  sharpness ,  S . The 

metric m u s t  a v o i d  capture by false ( l o c a l )  maxima. To meet t h e s e  

g o a l s ,  a s e q u e n c e  of s h a r p n e s s  measures i s  e n v i s i o n e d  w i t h  t h e  

measure a t  a n y  one t i m e  t a i l o r e d  t o  t h e  c h a r a c t e r i s t i c s  Of t h e  

cur ren t  p a t t e r n .  The sequence begins  w i t h  a low s p a t i a l  resolu- 

t i o n  a n d  p r o c e e d s  t o  h i g h e r  and h i g h e r  r e s o l u t i o n .  The i d e a l  

f i n a l  measure i s  t h e  i n t e n s i t y  of l i g h t  a t  t h e  one  p i x e l  i n  t h e  

6 
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c o r r e l a t i o n  plane which corresponds t o  t h e  l o c a t i o n  of an  i n p u t  

p l a n e  impulse. If t h e  l i g h t  is i n i t i a l l y  d i s t r i b u t e d  over  a l l  t h e  

c o r r e l a t i o n  p l a n e ,  s t a r t i n g  w i t h  s u c h  a s h a r p  m e t r i c  a l m o s t  

g u a r a n t e e s  b e i n g  c a u g h t  by a l o c a l  maximum. The t e c h n i q u e  pro-  

p o s e d  h e r e  i s  t o  sum t h e  l i g h t  w i t h i n  r e g i o n s  of p r o g r e s s i v e l y  

d i m i n i s h i n g  s i z e ;  by a n a l o g y ,  i f  o n e  h a s  a g i v e n  volume of s a n d  

s c a t t e r e d  on  a p l a n e ,  t h e  t a l l e s t  p i l e  of s a n d  i s  m o s t  economi-  

c a l l y  c o n s t r u c t e d  by b e g i n n i n g  i n w a r d  r a d i a l  s w e e p i n g  a t  t h e  

edges  ( r a t h e r  t h a n  a t  i n t e r m e d i a t e  r a d i i )  a n d  by s t e a d i l y  redu-  

c i n g  t h e  r a d i u s  a t  w h i c h  one sweeps.  The s u c c e e d i n g  r a d i u s  i n  a 

sequence cou ld  be, f o r  example, a f i x e d  f r a c t i o n  of t h e  r a d i u s  of 

g y r a t i o n  of t h e  p r e s e n t  i n t e n s i t y  p a t t e r n ,  and w e  would take t h e  

m e t r i c  of s h a r p n e s s ,  S , t o  be t h e  amount  of l i g h t  i n s i d e  t h e  

c u r r e n t  v a l u e  of t h e  s e n s i n g  radius.  

W e  can a p p l y  t h e  method t o  both discrete  and continuous-valued 

f i l t e r s  w i t h  o n l y  s l i g h t l y  d i f f e r e n t  p r o c e d u r e s .  L e t  us f i r s t  

examine t h e  cont inuous  f i l t e r .  

Having  d e t e r m i n e d  a m e t r i c  of s h a r p n e s s  a s  t h e  s c a l a r  t o  be 

maximized, w e  need t h e  space i n  which w e  w i l l  c a l c u l a t e  sha rpness  

as a f u n c t i o n  of pos i t i on .  The space of Hadamard c o e f f i c i e n t s  i s  

appropr i a t e .  Brief mention of c e r t a i n  q u a l i t i e s  of t h e  Hadamard 

b a s i s  is appropr i a t e .  W e  f o l l o w  P r a t t  14 ’  i n  t h i s  development. 

The Hadamard t r a n s f o r m  is based  on  t h e  Hadamard m a t r i x ,  a 

square  a r r a y  of p l u s  a n d  m i n u s  o n e s  whose r o w s  a n d  c o l u m n s  a r e  

o r t h o g o n a l .  T h e r e  a r e  N2 o r t h o g o n a l  m a t r i c e s  t h a t  a r e  N on  a 

s i d e ,  so  t h e y  a r e  c o m p l e t e  w i t h  respect  t o  r e p r e s e n t i n g  a n y  N x N 

p a t t e r n .  The matrices a re  used a s  t h e  bas i s  w i t h  which t o  repre- 
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s e n t  a square  a r r a y  of numbers  -- i n  t h e  p re sen t  case, t h e  con- 

t r o l  v a l u e s  a p p l i e d  t o  t h e  s p a t i a l  l i g h t  modulator.  ( I f  w e  were 

c o n t r o l l i n g  both phase and amplitude a t  each g r i d  l o c a t i o n  i n  t h e  

SLM w e  wou ld  h a v e  complex  c o e f f i c i e n t s  f o r  t h e  Hadamard bas i s  

p lanes ,  and wi thou t  l o s s  of g e n e r a l i t y  we can con t inue  us ing  rea l  

sca la rs  f o r  t h e  c o e f f i c i e n t s . )  The Hadarnard basis can be normal- 

i z e d  by a s i n g l e  mul t ip l ica t ive  scalar  f o r  each matrix. The two- 

d imens iona l  matrices can each be expressed as  the  product  of two 

one-dimensional func t ions ,  w i t h  impor tan t  r a m i f i c a t i o n s  f o r  econ- 

omy of g e n e r a t i o n  of t h e  b a s i s  p l a n e s .  The s e t  of N 2  2 - D  b a s i s  

planes i s  gene ra t ed  by t h e  o u t e r  product  of pa i r s  drawn from t h e  

N 1-D f u n c t i o n s .  T h e  1-D f u n c t i o n s  can  be a r r a n g e d  i n  o r d e r  of 

sequency ( t h e  number of s i g n  changes i n  t h e  f u n c t i o n ;  sequency is 

c l o s e l y  r e l a t e d  t o  s p a t i a l  f r e q u e n c y ) ,  a n d  s o  t h e  2 - D  b a s i s  

p l a n e s  c a n  be ordered i n  t w o  d i m e n s i o n s  of sequency .  T h e  N x N 

Hadamard bas is  i s  e a s i l y  c a l c u l a t e d  where N is a n  i n t e g e r  power 

of 2 ,  a v e r y  handy p r o p e r t y  i n  l i g h t  of t h e  f a c t  t h a t  m o s t  

s p a t i a l  l i g h t  m o d u l a t o r s  come i n  a r r a y s  t h a t  a r e  p o w e r s  of  2 on  a 

s ide.  The o r t h o g o n a l i t y  of t h e  Hadamard matrices leads e a s i l y  t o  

t h e  r e p r e s e n t a t i o n  of a g i v e n  2 - D  a r r a y  by t h e  Hadamard c o e f -  

f i c i e n t s .  If  w e  d e s i r e  t o  r e p r e s e n t  t ( j , k )  by t h e  s e t  of c o e f -  

f i c i e n t s  au lv  (which i s  t h e  same a s  t h e  t r a n s f o r m  of t h e  a r r a y )  

t h e  o r t h o n o r m a l i t y  of Hu,v( j , k )  e a s i l y  y i e l d s  

N - 1  N-1 

where 

8 
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P r a t t r 4 ]  g i v e s  ano the r  method t h a t  o p e r a t e s  on t h e  b i t  p a t t e r n s  

of t h e  t r ans fo rm coord ina te s ;  l e t t i n g  t (  j , k )  be t h e  one-parame- 

t e r  c o n t r o l  a p p l i e d  a s  t h e  f i l t e r ,  i t s  Hadamard t r a n s f o r m ,  

T(u,v) , is e f f i c i e n t l y  c a l c u l a t e d  by: 

where 

and 

N- 1 

a n d  u i  i s  t h e  s t a t e  of t h e  ith b i t  i n  t h e  b i n a r y  r e p r e s e n t a t i o n  

of u. For example ,  i f  u=13, t h e n  u 3 = l ,  u 2 = 1 ,  u l = O ,  and  u0=1 .  

L o g i c a l  b i t  o p e r a t i o n s  i n  c o m p u t a t i o n  m a c h i n e r y  m a k e  t h i s  a n  

e f f i c i e n t  and  f a s t  method of r e p r e s e n t i n g  t h e  f i l t e r .  

The t r a n s f o r m  T(u ,v)  of a f i l t e r  can  be r e g a r d e d  a s  t h e  

components of a v e c t o r  of l eng th  N 2 by column- o r  row-scanning 

T(u ,v) .  D e f i n e  w := Nu+v; t h e  r e l a t i o n s h i p  i s  i n v e r t i b l e  s ince  

u and  v b o t h  r u n  f rom 0 t o  ( N - 1 ) .  T h e  t r a n s f o r m  T(u,v)  s c a n s  

i n t o  a v e c t o r  F(w) by E(w)  := T(u,v).  The  Hadamard b a s i s  b e i n g  

9 
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c o m p l e t e  f o r  a r r a y s  N x N, t h e n  E is a b l e  t o  r e p r e s e n t  any  

f i l t e r  i n  dimension N2. S i n c e  1 g i v e s  T(u,v) which i n  t u r n  g i v e s  

t h e  f i l t e r ,  t h e  i n f o r m a t i o n  i n  E is t h e  same a s  t h e  i n f o r m a t i o n  

i n  t h e  f i l t e r  i t s e l f .  W e  s e a r c h  on v a l u e s  of 1 f o r  t h e  one  

g i v i n g  t h e  s h a r p e s t  ou tpu t  i n  t h e  c o r r e l a t i o n  p lane  of t h e  o p t i -  

cal c o r r e l a t o r .  

We b e g i n  by p l a c i n g  a n  i m p u l s e  a t  a s i n g l e  l o c a t i o n  i n  t h e  

i n p u t  p l a n e  a n d  making  a n  es t imate  of i t s  m a t c h e d  f i l t e r  (AOF,  

POF, or  o t h e r  as  a p p r o p r i a t e ) .  Next we r e p r e s e n t  t h e  f i l t e r  w i t h  

r e s p e c t  t o  t h e  Hadamard t r a n s f o r m  b a s i s  f u n c t i o n s .  Then t h e  

s h a r p n e s s  S is ob ta ined  f o r  t h a t  v e c t o r ,  and t h e  components of 

E a r e  a d j u s t e d  t o  m a x i m i z e  S . Beyond t h e  u s u a l  p r o p e r t i e s  of 

h a v i n g  row a n d  column o r t h o g o n a l i t y  and  b e i n g  c o m p l e t e ,  t h e  

Hadamard bas i s  o f f e r s  t h e  a d v a n t a g e  t h a t  t h e  m a g n i t u d e  of e a c h  

e l e m e n t  i s  t h e  same. As any  component  of E is a d j u s t e d ,  e v e r y  

p i x e l  i n  t h e  f i l t e r  is a f f e c t e d  w i t h  t h e  same m a g n i t u d e ;  t h e  

v i s i b i l i t y  of t h e  e f f e c t  w i l l  be l a r g e r  t h a n  i f  one or o n l y  a few 

f i l t e r  p i x e l s  were changed. The p o s s i b l e  drawback  of t h e  h i g h  

s e n s i t i v i t y  t o  change  of e a c h  c o e f f i c i e n t  i s  t h a t  t h e  s i m p l e  

g r a d i e n t  search o u t l i n e d  here  m i g h t  have t o  be supplemented by a n  

i n t e r p o l a t i o n  scheme. We need  a h i l l - c l i m b i n g  a l g o r i t h m  and w i l l  

o u t l i n e  one such t o  f i n d  t h e  l a r g e s t  v a l u e  of S . 
L e t  E = (Fi)  be t h e  v e c t o r  of Hadamard c o e f f i c i e n t s .  L e t  Sj[EI 

be t h e  j t h  measure of s h a r p n e s s :  l e t  S1 be t h e  t o t a l  amount  of 

l i g h t  r e c o r d e d  a t  t h e  c o r r e l a t i o n  p l a n e ,  a n d  l e t  Sj c o n v e r g e  

toward S , t h e  amount of l i g h t  recorded a t  on ly  a s i n g l e  c e n t r a l  

p i x e l  . 
* 

10 
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For  j i n  i t s  domain  do  t h e  f o l l o w i n g :  

For i i n  i t s  domain  do t h e  f o l l o w i n g :  

U s i n g  s u i t a b l e  sma l l  v a l u e s  of e and  f i n d  t h e  maxi-  

mum of S j [ E l  on  t h e  ith a x i s  a s  f o l l o w s .  
(5 

Estimate t h e  ith component d i S j [ E l  of grad(S,) by 

(6) 
- Sj[FI 

ViSj[E] = ....................... 
A 

S j  [E+C hi1  

e 
h 

i n  wh ich  h i  i s  t h e  u n i t  v e c t o r  a l o n g  t h e  ith a x i s  i n  

t h e  N2-dimension s p a c e  of Hadamard c o e f f i c i e n t s .  

Replace 1 w i t h  (E t h i V i S j [ E l ) .  R e p e a t  u n t i l  t h e  

maximum is found; t he re  

h 

P 
ViS , [EI  = 0. 

Repeat through a l l  va lues  of i. 

If  t h e  s h a r p n e s s  S j [ E l  i n c r e a s e s  a s  a r e s u l t  of a n  i - l o o p  

manipula t ion ,  r e p e a t  t h e  i - l oop  w i t h  t h a t  v a l u e  of i. 

Here  we h a v e  max imized  s h a r p n e s s  f o r  t h e  j t h  measure S j ;  

f u r t h e r  man ipu la t ions  on i do n o t  i n c r e a s e  S j .  Thus w e  r e p e a t  

w i t h  t h e  n e x t  measure of s h a r p n e s s  u n t i l  we h a v e  u s e d  a l l  

v a l u e s  of  j. L e t  t h e  f i n a l  v a l u e  of E be d e s i g n a t e d  E+. R e -  

peated c y c l i n g  t h r o u g h  t h e  d i m i n i s h i n g  r a d i i  w i l l  h a v e  t h e  

effect  of p e r i s t a l t i c a l l y  moving l i g h t  energy i n t o  t h e  c e n t r a l  

* 
We h a v e  n o t  shown t h a t  E n e c e s s a r i l y  c o n v e r g e s  t o 1  , which  of 

a l l  p o s s i b l e  v a l u e s  of E maximizes  S . Indeed ,  g i v e n  t h e  s h a r p -  

n e s s  a n d  n o i s i n e s s  s h o w n  i n  t h e  m o d e l i n g  o f  H o r n e r  a n d  

* 

G i a n i n o r 3 l ,  o n e  c a n  i m a g i n e  t h a t  e v e n  s&ar&ing w i t h  E * , 

11 
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p r o c e e d i n g  t o  use t h e  s e q u e n c e  of S 's a s  a b o v e  would  l e a d  t o  a 
va lue  E+ such t h a t  S*[E+l < S [E I .  However, we a re  c e r t a i n l y  no 

w o r s e  o f f  f o r  t h e  e f f o r t ;  if  we f i n d  t h a t  S*[E+l  < S * [ E l l ,  w i t h  

-1 F t h e  s t a r t i n g  f i l t e r ,  w e  can always use 11. 

j * *  

The s i z e s  of a n d  w i l l  depend on v a r i o u s  c o n s i d e r a t i o n s  (3 
r e l a t e d  t o  conve rgence ,  s e n s i t i v i t y ,  and  p h y s i c a l  l i m i t a t i o n s .  

The c o r r e l a t i o n  peak may n o t  be detected, depending on e and , 
as  t h e  l i g h t  is swept toward t h e  desired center .  The  s i z e  of E 

(3 

is chosen small  enough t o  avoid  s t e p p i n g  beyond a nearby maximum 

b u t  l a r g e  enough t o  g i v e  a s i g n i f i c a n t  change  i n  S , which  

a l l o w s  e s t i m a t i o n  of t h e  g r a d i e n t  component.  e a n d  fl a r e  a l s o  

chosen w i t h i n  l i m i t a t i o n s  imposed by t h e  p h y s i c a l  n a t u r e  of t h e  

SLM; t h e r e  a r e  maximum a n d  m i n i m u m  a c t i v a t i o n s  f o r  each p i x e l .  

Adapta t ions  of t h e  procedure  w i l l  have t o  be made f o r  i n d i v i d u a l  

i n s t a n c e s .  As a n  example ,  i f  t h e r e  i s  a s u b s t a n t i a l  DC term i n  

t h e  t r ans fo rm p lane  due t o  a s i g n i f i c a n t  p r o p o r t i o n  of i n a c t i v e  

area on t h e  i n p u t  SLM, t hen  t h e  sha rpness  measure could be t aken  

as  t h e  d i f f e r e n c e  between t h e  c o r r e l a t i o n  plane p a t t e r n s  w i t h  t h e  

impulse a t  t h e  i n p u t  p l ane  and its c u r r e n t  es t imated f i l t e r  both 

on  a n d  b o t h  o f f .  The d i f f e r e n c i n g  decreases  t h e  e f f e c t  of t h e  

unchanging la rge-ampl i tude  po r t ion  of t h e  s igna l .  

Now we t u r n  t o  t h e  d i s c r e t e  f i l t e r .  The b i n a r y  p h a s e - o n l y  

f i l t e r  (BPOF) w i l l  s e r v e  a s  a n  example.  I f  i t  were p o s s i b l e  t o  

r e p r e s e n t  a n  a r b i t r a r y  N x N p a t t e r n  of p l u s  a n d  m i n u s  o n e s  a s ,  

say,  t h e  element-wise product  of a s u b s e t  of t h e  Hadamard matr i -  

ces, then  t h e  ana log  of t h e  g r a d i e n t  s ea rch  o u t l i n e d  above cou ld  

be a s e a r c h  f o r  t h e  m i n i m a l  s u b s e t  of t h e  Hadamard m a t r i c e s  t o  

m u l t i p l y  e l e m e n t - w i s e  f o r  t h e  optimum f i l t e r .  Advantage of t h e  

1 2  
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b i n a r i z a t i o n  would be t aken  i n  there p o s s i b l y  be ing  fewer than  N 2 

parameters  r e q u i r e d  t o  r e p r e s e n t  a f i l t e r .  U n f o r t u n a t e l y  i t  i s  

n o t  g e n e r a l l y  p o s s i b l e  t o  do such a p r o d u c t  r e p r e s e n t a t i o n .  The  

BPOF can, however, be regarded as s imply  a th re sho lded  cont inuous  

f i l t e r .  The v a l u e  of t h e  t h r e s h o l d  i s  one  more  p a r a m e t e r  i n  t h e  

r e p r e s e n t a t i o n  of a f i l t e r  by t h e  Hadamard c o e f f i c i e n t s ,  and i t  

t h u s  i t  i s  one  more  c o o r d i n a t e  f o r  t h e  g r a d i e n t  search. T h e  

p r i n c i p l e s  a re  o t h e r w i s e  a s  s t a t e d  above, though i t  is  recognized  

t h a t  sipce there  is a many-to-one a s p e c t  t o  t h i s  r e p r e s e n t a t i o n  

of a b i n a r y  f i l t e r ,  t h e r e  w i l l  be  a r e a s  of a p p a r e n t l y  z e r o  g r a -  

d i e n t  i n  t h e  search. 

However, t h e r e  is presumably a "best" BPOF. The Hadamard b a s i s  

i s  e x h a u s t i v e  i n  r e p r e s e n t i n g  p a t t e r n s  ( i n c l u d i n g  b inary  ones  and 

h e n c e  t h e  bes t  BPOF). Given a c o n t i n u o u s  f i l t e r  and  a b i n a r i z a -  

t i o n  t h r e s h o l d  t h a t  t o g e t h e r  g i v e  e x a c t l y  t h e  b e s t  BPOF, t h e r e  

w i l l  be a more  o r  l e s s  g r a c e f u l  d e g r a d a t i o n  f rom t h e  b e s t  BPOF a s  

t h e  N'+l parameters  a r e  a l t e r e d .  One h o p e s  t h a t  t h e  i n v e r s e  

o p e r a t i o n  would work -- t h a t  convergence t o  t h e  best  BPOF would 

ensue. 

T h i s  is more an "exis tence"  argument t h a n  a recipe; t h e  l i m i -  

t a t i o n  t o  b i n a r y  v a l u e s  should a d m i t  of a computa t iona l ly  econom- 

i c  r e p r e s e n t a t i o n  f o r  g r a d i e n t  search,  and  r e s e a r c h  i n t o  s u c h  

economic r e p r e s e n t a t i o n  w i l l  continue.  

The e x t e n s i o n  t o  t e r n a r y  f i l t e r s  i s  done by t h e  e x t e n s i o n  t o  

two t h r e s h o l d s  v e r s u s  one, and SO f o r t h  f o r  any number of l e v e l s  

i n  a discrete  f i l t e r .  
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. 

IV.  LINEARITY, SHIFT- INVARIANCE, AND ARBITRARY REFERENCE IMAGES 

* 
Once t h e  o p t i m a l  f i l t e r  F h a s  been f o u n d  f o r  a n  i m p u l s e  a t  

one l o c a t i o n  i n  t h e  inpu t  plane,  t h e  p u t a t i v e  l i n e a r i t y  and s h i f t  

i n v a r i a n c e  of t h e  o p t i c a l  Fourier  t ransform a r e  examined. We hope 

f o r  l i n e a r i t y  i n  t h e  s e n s e  of p r o p o r t i o n a l  r e s p o n s e  i n  t h e  

s t r e n g t h  of t h e  impulse,  and s h i f t  i n v a r i a n c e  i n  t h e  sense  of t h e  

u s u a l  p h a s e  e f f e c t  f r o m  a s h i f t  of o r i g i n  i n  t h e  F o u r i e r  t r a n s -  

form.  A t r u l y  l i n e a r  s y s t e m  w i l l  a l s o  show s u p e r p o s i t i o n ;  t h e  

optimum f i l t e r  p a t t e r n  f o r  p a i r s  of impulses  would be t h e  sum of 

t h e i r  i n d i v i d u a l  f i l t e r s .  Assuming s u c h  q u a l i t i e s  l e a d s  t o  s t a r -  

t i n g  f i l t e r s  f o r  d i f f e r e n t  l o c a t i o n s  of t h e  i n p u t  i m p u l s e ,  etc. 

One would  e x p e c t  t h a t  t h e  s e a r c h  f o r  t h e  o p t i m a l  f i l t e r  of t h e  

s h i f t e d  impulse  would be less  s t renuous  t h a n  f i n d i n g  t h e  o r i g i n a l  

i m p u l s e ' s  f i l t e r ;  t h e  t e c h n i q u e  i s  t h e  same b u t  t h e  s t a r t i n g  

p o i n t  s h o u l d  be n e a r e r  t h e  f i n a l  v a l u e .  C o n s i s t e n t  d e p a r t u r e s  

f rom t h e  s h i f t  i n v a r i a n c e ,  as d u e  t o  t o  i m p e r f e c t  o p t i c s ,  a r e  

s o u g h t  a n d  modeled.  S i m i l a r  comments a p p l y  f o r  e x a m i n a t i o n s  of 

1 i n e a r  i t y  (propor t i o n a l  i ty )  and supe rpos i t i on .  

If l i n e a r i t y ,  s h i f t  invar iance ,  and s u p e r p o s i t i o n  hold  (o r  if 

d e p a r t u r e  f r o m  them i s  t r a c t a b l e ) ,  t h e n  a n  a r b i t r a r y  r e f e r e n c e  

image  can have  i t s  ma tched  f i l t e r  c r e a t e d  f rom t h e  f i l t e r s  f o r  

t h e  impulses  t h a t  sum t o  t h e  a r b i t r a r y  i n p u t  image. One hopes t o  

f i n d  s t a t i c  -- or  a t  l e a s t  e a s i l y  computed -- c o r r e c t i o n s  t o  t h e  

t ransform of an a r b i t r a r y  r e fe rence  image. Otherwise,  t h e  sys t em 

would be t r a i n e d  by t h e  r e l a x a t i o n  t e c h n i q u e  t o  r e c o g n i z e  e a c h  

new r e f e r e n c e  image. The re  i s  a n  o b v i o u s  p r e f e r e n c e  f o r  t h e  

former.  
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The technique  is a q u i t e  general  one, a p p l i c a b l e  t o  any s o r t  

of r a p i d l y  p rogrammable  f i l t e r .  Rapid  p r o g r a m m a b i l i t y  i s  a r e -  

q u i r e m e n t  if t h e  method i s  not t o  g e t  o u t  of hand, b u t  i f  t h e  

p r o c e d u r e  i s  a u t o m a t e d  and  done e f f i c i e n t l y  i t  w i l l  n o t  neces -  

s a r i l y  be t o o  t ime-consuming.  For example ,  a t  t h e  30Hz w h i c h  i s  

n o t  an unreasonable  speed  f o r  reading new p a t t e r n s  i n t o  a f i l t e r ,  

i t  t a k e s  j u s t  over  n i n e  m i n u t e s  t o  count  through t h e  16K Hadamard 

p a t t e r n s  r e q u i r e d  t o  r e p r e s e n t  a 128  x 1 2 8  f i l t e r .  The technique  

w i l l  be t e s t e d  on a n  o p t i c a l  c o r r e l a t o r  s y s t e m  b e i n g  d e v e l o p e d  

f o r  N A S A ' s  J o h n s o n  Space  C e n t e r  by Texas  I n s t r u m e n t s .  The Texas  

I n s t r u m e n t s  DMD w i l l  be used f o r  b o t h  t h e  r e a d i n g  p l a n e  and  t h e  

f i l t e r  p l ane  i n  the  c o r r e l a t o r .  Resu l t s  w i l l  be r e p o r t e d  l a t e r .  
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t. 
E 2  

L1 s SLM, 

0 
D 

c 

=!3 

F i g u r e  1. An o p t i c a l  c o r r e l a t o r  l a i d  o u t  i n  s i m p l i f i e d  a l l -  

t r a n s m i t t i n g  form. The coherent  wave E1 becomes E2 a f t e r  r ead ing  
I 
I 

I t h e  i n f o r m a t i o n  impressed on t h e  s p a t i a l  l i g h t  modulator  SLM1. 

t h r o u g h  SLM2 r e s u l t s  i n  E4 which i s  t r a n s f o r m e d  by L2 t o  E 5  a t  

Lens  L 1  t r a n s f o r m s  E2  t o  E3 a t  t h e  f i l t e r i n g  SLM2. Passage 

I 

t h e  imaging d e t e c t o r  D. A p a t t e r n  p u t  i n  a t  SLMl is "matched" by 

t h e  p a t t e r n  on SLM2 t h a t  produces t h e  most l o c a l i z e d  and c e n t e r e d  

p a t t e r n  a t  D. 
I 


